I present the detailed behavior of phonon dispersion curves near momenta which span the electronic Fermi sea in a superconductor. I demonstrate that an anomaly, similar to the metallic Kohn anomaly, exists in a superconductor's dispersion curves when the frequency of the phonon spanning the Fermi sea exceeds twice the superconducting energy gap. This anomaly occurs at approximately the same momentum but is stronger than the normal-state Kohn anomaly. It also survives at finite temperature, unlike the metallic anomaly.
I. INTRODUCTION
response function at frequencies much less than phonon frequencies (∆ ≪hω D ). Thus the static electronic response differs qualitatively from that at a phonon's frequency.
In work primarily devoted to calculating the screening around a static impurity, Hurault 6 suggested that a superconductor has no true Kohn anomaly. Since even at 0K the electronic occupation is continuous in the superconductor 7 , he argued that the metallic anomaly would appear smoothed over a momentum range equal to the inverse coherence lengthh/ξ = ∆/hv F . Testing this prediction proved impossible since the momentum resolution of inelastic neutron scattering would not suffice. For high-temperature superconductors, however, sincē h/ξ ∼ .1Å −1 the resolution is adequate.
A heuristic explanation for the survival of Kohn anomalies in phonon dispersion curves whose frequencies exceed 2∆ follows. Fig. 1a shows the minimum-energy electronic excitations (from now on, the adjective "single-pair" will be dropped) for a two or threedimensional isotropic-gap superconductor (solid line) and normal metal (dashed line). In identically zero and a region where it is nonzero; the imaginary part of the response function is nonanalytic on this (solid) line. By Kramers-Kronig relations, the real part is nonanalytic there as well. Thus the superconductor must produce an anomaly in phonon dispersion curves at q ∼ 2k F whenhω(2k F ) > 2∆. All phonons resolvable by neutron scattering in low-temperature superconductors satisfy this condition as do most in high-temperature ones.
For 2∆ < ∼h ω, enhancement of the density of states near the Fermi surface due to superconductivity enlarges the superconductor's anomaly relative to that of the metal. The different character of the large-momentum excitations in a superconductor also augments the anomaly for 2∆ < ∼h ω. However, for phonon energieshω far above 2∆, the altered character of large-momentum excitations renders the anomaly unobservable. and observed in Nb 3 Sn 10 and niobium 11 . Recently 12 it has been pointed out that in quasitwo-dimensional superconductors with anisotropic gaps, the frequency where these anomalies occur depends on the phonon momentum. This observation forms the basis of a method for measuring the energy-gap anisotropy in a high-temperature superconductor. The remainder of this Article will consider the anomalies induced in phonon dispersion curves crossing the solid line when q ∼ 2k F .
It is important to note that numerical calculations of the effect of d-wave and s-wave superconductivity on phonon lifetimes and frequencies have been performed for a nearestneighbor tight-binding model 13 . It is possible to find features in these results which resemble the Kohn anomalies to be discussed in this article. However, the results presented here concern the location and analytic form of the anomalies, which were not discussed in Ref 13. Furthermore, the primary concern of Ref. 13 was to locate features identifying nesting, or which distinguish s-wave from d-wave gaps. I do not address nesting because the appearance of Kohn anomalies does not depend on nesting, merely the diameter of the Fermi surface.
And, as I discuss in Section V, the analytic form of the Kohn anomalies is identical for s-wave and d-wave gaps for almost all phonon momenta.
II. NORMAL STATE
The conditions outlined in Section I for the observation of a Kohn anomaly in a superconductor (ξ −1 resolvable by neutron scattering and 2∆ < ∼h ω) imply thathω/ǫ F is of order 10 −1 . This has implications for the momentum of the Kohn anomaly in the metal.
The metal's electron-hole response function, 
where x = q/2k F , ν = mω/hqk F , N * is the density of states at the Fermi surface, and θ is the Heavyside step function. In the limithω/ǫ F → 0,
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The location of the Kohn anomaly at the momentum 2k F follows directly from the nonanalyticity of the right hand side of Eq. (2.3) at that momentum. Clearly from Eq. (2.2), however, at finite frequency the nonanalyticity takes place at (1) and (3) are the same. The static approximation succeeds because the nonanalyticity has the same form for finite frequency as for zero frequency and because the differences in q n cannot be resolved. Excitations (2) and (4) concern the zero-momentum anomaly in a metal's response function which will not be discussed in this Article. Another feature of the high-temperature superconductors is that their electronic structure is quasi-two-dimensional. In two dimensions the slope of the response function 14 is discontinuous and divergent at q n :
The two-dimensional response contains stronger nonanalyticities than the three-dimensional response. and probably too high (k B T /ǫ F ∼ 0.1) to see anomalies at all.
III. KOHN ANOMALIES IN SUPERCONDUCTORS
A.hω < 2∆
The disappearance of the Kohn anomaly in a superconductor was suggested by Hurault 6 as a manifestation of Fermi surface smoothing in a superconductor. To explain this requires formal machinery. The quasiparticle description, due to Bogoliubov, provides the most convenient method of calculating the effect of the superconducting electron system on the phonons 7 . The quasiparticle creation and annihilation operators γ relate to the electron creation and annihilation operators c as follows:
Here
where E k = ǫ 2 k + ∆ 2 is the energy added to the system by creating a quasiparticle of momentum k. The Hamiltonian, expressed in quasiparticle operators, is then
and the ground state contains no quasiparticles.
A significant difference between the superconducting system and a normal system is the v k function, which is the analogue of the Fermi occupation function f (ǫ k ) in a metal. At zero temperature f (ǫ k ) has a discontinuity at the Fermi momentum, while v k smoothly falls to zero over a momentum range (h/ξ). v k and f (ǫ k ) are shown in Fig. 7 . The Kohn anomaly arises from the discontinuity in the electron occupation, and as f (ǫ k ) becomes smoother due to increased temperature, the apparent anomaly becomes weaker 17 . Hurault suggested the smoothness of v k due to superconductivity affected the Kohn anomaly the same way as the smoothness of f (ǫ k ) at finite temperature affected the anomaly. He predicted a "smoothing" of the Kohn anomaly over a momentum range of (h/ξ) and extracted this smoothing from the superconductor's static response function.
However, this heuristic explanation needs to be reexamined in the light of the existence of anomalies for higher phonon frequencies. The Fermi surface sharpness cannot change as a function of frequency in the superconductor. Instead, the explanation for the smoothing of the Kohn anomaly at small frequencies must be due to the lack of any electronic excitations in the superconductor, at small or large momenta (as seen in Figs. 1a and 1b) .
Calculating the non-analytic behavior of an anomaly is necessary to make this argument concrete. This calculation requires the superconducting electronic response function, This smoothness can be estimated in a simple way from the change of P S (q, ω) at q = 2k F .
In three dimensions the sum from Eq. (3.4) can be replaced by the following integral:
Here E = √ ǫ 2 + ∆ 2 and N * is the density of states per unit energy at the Fermi energy in an otherwise identical material with ∆ = 0. This usually is the normal metal. The integral in Eq. (3.5) can be estimated near q = 2k F to yield a measure of the remnant of the anomaly:
When ∆ vanishes, the logarithmically-divergent slope of the normal-metal response reemerges. That response, the Lindhard function, is Eq. (2.2).
For finite but small frequencies in the superconductor, the slope magnitude increases to
This increase results from the overall decrease in all the energy denominators in Eq. (3.4), due to a finite driving frequency. That change increases the contribution of each virtual excitation to the response of the superconductor. The overall response of the superconductor also increases, so the relative magnitude of the slope does not change for small but finite frequency.
In a quasi-two-dimensional superconductor a similar effect occurs. Instead of diverging as in Eq. (2.5), however, the slope magnitude reaches a maximum value of
In one dimension the response-function magnitude reaches a maximum of
whereas in the normal metal it diverges logarithmically:
These results are quite similar in implication to Hurault's. However, the phonon frequency regimehω < 2∆ is unphysical in ordinary superconductors and rare in hightemperature superconductors. We now turn our attention to the more physical frequency regimes.
B. 2∆ < ∼h ω
When the phonon energy exceeds the excitation gap, the superconductor recovers an anomaly. For q > 2k F the minimum energy quasiparticle mode creates two quasiparticles with momentum q/2 > k F . Because both of these quasiparticles are created with a momentum greater than the Fermi momentum, this mode does not have an analogy in the normal state. The superconductor, therefore, has lower energy excitations at high q than the normal metal, as can be seen in Fig. 1b .
For a fixedhω > 2∆ there are two regimes of q, separated by the solid line in Figs. 1a and 1b. For small q, ImP S (q, ω) = 0 because the minimum excitation energy is less than the driving frequency. For large q no excitable modes of the electron gas exist, so
ImP S (q, ω) = 0. Therefore, the imaginary part of P S (q, ω), and by implication from the Kramers-Kronig relations the real part as well, cannot be analytic functions of q. The momentum q c (ω) beyond which no modes of frequency ω or less exist is the anomaly's momentum. A nonspherical Fermi surface does not affect the analytic form of the anomalies.
If the Fermi surface is known, the anomaly momenta in various directions can be calculated.
I will now derive the form of the nonanalyticity of P S (q, ω) at q = q c (ω).
The nonanalyticity in P S (q, ω) at q = q c (ω) can be extracted by expanding the energy denominator in Eq. (3.4) around the anomaly's momentum:
This expansion is valid when the quantities in parenthesis are small compared tohω/2, which will usually mean small compared to ∆. This expansion, therefore, is only valid for states k and q − k in a region of dimension (h/ξ) around the momentum q c /2. Consider the sum in Eq. (3.4) to be restricted to this region. An evaluation of that sum, which will follow and will be calledP S (q, ω), accurately gives ImP S (q, ω) and the nonanalytic part of ReP S (q, ω) near the nonanalyticity at q = q c .
Since 2E qc/2 =hω and the coherence factor is smooth over a momentum (h/ξ), the sum can be written as the following integrals in one, two and three dimensions:
14)
where a is a cutoff of order ξ −1 .
Evaluating the integrals above in the limit q → q c and definingq = q − q c yields the following forms for the response functions:
Here θ is the Heavyside step function and P is an uninteresting constant. OnlyP
has been reported elsewhere 13 . The change in form of the integrals in Eqs. is due to the square-root divergence near the Fermi surface in the superconducting density of states.
C.hω ≫ 2∆
For large phonon frequencies, the anomaly's momentum exceeds twice the Fermi momentum by well over (h/ξ). In this case, the small value of the coherence factor C( 
IV. EXPERIMENTAL IMPLICATIONS
The actual size of the phonon anomalies can be estimated by including the response function in the phonon self energy in the standard way 18 and then expanding about ω(2k F ) = ω o :
where λ is the dimensionless electron-phonon coupling constant. The linewidth is simpler to express:
In comparing anomaly magnitudes I will assume that λ in the superconductor equals the Fig. 9 ). Fig. 10 Fig. 11 shows the metallic and superconducting response function for a three-dimensional spherical Fermi sea.
V. GAP ANISOTROPY
An anisotropic gap influences this anomaly only through the coherence factor,
which is independent of the phase of the gap.
So long as the gap is finite at q c /2, the situation for anisotropic gaps is essentially the same as for isotropic gaps. A difference occurs when the momentum spanning the Fermi surface connects two nodes in the gap. For this situation the anomaly is weaker. This has been analyzed numerically by Marsiglio 13 .
VI. CONCLUSION
The vanishing of the Kohn anomaly forhω < 2∆ results from the absence of electronic excitations at low energy in the superconductor rather than from a smoothing of the Fermi surface. The rapid decrease of the coherence factor of the minimum-energy excitation for hω ≫ 2∆ also eliminates the Kohn anomaly. A new regime exists when 2∆ < ∼h ω; here superconductivity enhances the Kohn anomaly. An appropriate material to examine when looking for this effect would have phonon branches both above and below the excitation gap Imaginary part.
